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JIVMHAMNYECKOE ITPOT'PAMMUPOBAHUE

Tepmun: Puuapn Bemnmvan, 1950-e romst

The 1950s were not good years for mathematical research. We had a very
interesting gentleman in Washington named Wilson. He was Secretary of
Defense, and he actually had a pathological fear and hatred of the word,
research. I’'m not using the term lightly; I’'m using it precisely. His face
would suffuse, he would turn red, and he would get violent if people used
the term, research, in his presence. You can imagine how he felt, then,
about the term, mathematical. The RAND Corporation was employed by
the Air Force, and the Air Force had Wilson as its boss, essentially. Hence,
I felt I had to do something to shield Wilson and the Air Force from the
fact that I was really doing mathematics inside the RAND Corporation.
What title, what name, could I choose? In the first place I was interested in
planning, in decision making,... But planning, is not a good word for
various reasons. I decided therefore to use the word, “programming”. ..
[Dynamic| has a very interesting property as an adjective, and that is its
impossible to use the word, dynamic, in a pejorative sense. Try thinking of
some combination that will possibly give it a pejorative meaning. Its
impossible. Thus, I thought dynamic programming was a good name. It was
something not even a Congressman could object to. So I used it as an
umbrella for my activities.



MAKCUMAJILHOE HE3ABUCHUMOE MHOYKECTBO
Maximal Weighted Independent Set (MAX-WIS)

MHOKecTBO BepIInH Tpada HA3BIBACTCI HE3AGUCUMbBIM, €CITH B HEM
HET COCEJHUX BEPIIUH.

JaHo: rpad, B KaxK/JI0i BepIInHE 3aJaH HEOMPUYAMEAbHBIT BEC.
TpebyeTcsi: HaliTH HE3aBUCHMOE MHOXKECTBO BEPIIIUH C

MaKCAMAaJIbHON CyMMOH BECOB.

Sagaua caoxuas (NP-nosnas). Ounuako ecsiu rpad — jepeBo, To
CYIIECTBYET AJTOPUTM, PADOTAIONNI 3a JTUHEHHOE BpeMsI.



MAX-WIS B IEPEBE

IIycts rpad G = aepeBo-1ienovuka 0—0—0—0 € 1 BEPIIMHAMH.
B Bepmmnax 3amannt Beca w; > 0,1 = 1,...n.
Kak pemurs 3a71a9y 0 MAaKCUMAJIBHOM HE3aBUCHMOM MHOXKECTBE?



MAX-WIS B IEPEBE

[Tycrs rpad G = mepeBo-TernovYKa 0—0—0—0 C N, BEPIIUHAMU.
B Bepmunax 3amansl Beca w; > 0,1 =1,...n.
Kak pemurs 3a71a9y 0 MAaKCUMAJIBHOM HE3aBUCHMOM MHOXKECTBE?

IIycrs G’ — nepeBo ¢ ymajleHHo# BepIIuHOI 7,
G" — nepeBo ¢ yJaJeHHbIMA BEPITMHAMHA 7 U 1, — 1.

e Ecim BepmmHa N He BXOAWUT B ONTHMAJILHOE PEIIeHUe, TO
OIITUMAJILHOE PeIIeHNe SBJIAeTCS ONTUMAJIBHBIM PeIlleHueM JIJIst
G

e Ecim BepmmHa N BXOJUT B ONTHMAJILHOE pEIeHue, TO
ONITUMANILHOE PeIIeHre TOIydaeTCs U3 ONTUMATLHOTO pelleHus
g G nobaBiieHreM BepIIUHBI 7.



MAX-WIS B JIEPEBE: JTUHAMUKA

O6o3uaynM cymMmy BecoB B onruMaibHoM pemenun MAX-WIS(G).
Torua

MAX-WIS(G) = max(MAX-WIS(G’), MAX-WIS(G”) + wn)

[ ] MT&K, 3a/lada JIETKO peliaeTcCsd, €CJIM U3BECTHbI PEIIeHUA IBYX
3aa49 MEHbIIIEro pasMepa.
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e Henbzs ucnonbpzoBarh pekypceuio!



MAX-WIS B JIEPEBE: JTUHAMUKA

O6o3uaynM cymMmy BecoB B onruMaibHoM pemenun MAX-WIS(G).
Torua

MAX-WIS(G) = max(MAX-WIS(G’), MAX-WIS(G”) + wn)

[ ] MT&K, 3a/lada JIETKO peliaeTcCsd, €CJIM U3BECTHbI PEIIeHUA IBYX
3aa49 MEHbIIIEro pasMepa.

e Hesb3s ucnosib3oBarh pekypcuio!
e Pemaem mocaenoarenbHo 3amaan misa Gy, Ga, ..., Gy.

o Dopwmyra maeT MAKCUMAJbLHBIN BeC, a KAK BOCCTAHOBUTD
MaKCHMAaJIbHOE MHOXKECTBO?



MAX-WIS B JIEPEBE: JTUHAMUKA

O6o3uaynM cymMmy BecoB B onruMaibHoM pemenun MAX-WIS(G).
Torua

MAX-WIS(G) = max(MAX-WIS(G’), MAX-WIS(G”) + wn)

[ ] MTaK, 3a/lada JIETKO peliaeTcCsd, €CJIM U3BECTHbI PEIIeHUA IBYX
3aa49 MEHbIIIEro pasMepa.

e Hesb3s ucnosib3oBarh pekypcuio!
e Pemaem mocaenoarenbHo 3amaan misa Gy, Ga, ..., Gy.

e QopMyJsia J]aeT MAKCUMAJLHBINH BEC, & KAK BOCCTAHOBHUTh
MaKCUMAJIbHOE MHOXKECTBO?
O MOXKHO XPaHWUTB JIIsI KaxKJI0i PEIeHHON 3a/[a91 MHOKECTBO
(mamsars = O(n?))
© HO JIyYIlle XPAHUTD MPU3HAKH — BKJIIOYAECTCS JIM BEPIINHA K
B pemenre 331391 G, TOrJ|a MAKCHMAJIBLHOE MHOZKECTBO
BOCCTAHABJIMBAETCS 32 JIMHEHHOE BPEMsI.



HAMBOJILIIAS BO3PACT. ITOCJIEJOBATE/ILHOCTD

daHo: mocie10BaTe/IbHOCTD 9UCENT A1, G2, - - - Uy

HaiiTi: camyio JJIMHHYIO BO3PACTAIOINILYIO MTOIOCIEI0BATEIHHOCTD
gy Qigy v v v Qi
I <tg <...<ig

Ay < iy, < ... < G4y,



HAMBOJILIIAS BO3PACT. ITOCJIEJOBATE/ILHOCTD

Alj] = w™akcuMaJbHAs JJIMHA BO3PACTAIOIIEH
IIO/ILIOCIIEJ0BATEILHOCTH, 3aKAHIMBAOIIEHCsT B j

Alj] = 14+ max{A[{]:i<}j, a; <a;}

Perrenne HavanbHoi 3amaun: max(A[j])



NaEA JUHAMUYECKOI'O ITPOI'PAMMMPOBAHNS

HUCXOTHAaS 33/1a49a BKJIIOYAETCS B CEMENCTBO 3a/1a4;

2. peleHue KaxKJi0i 3a/1a90 BBIPAXKAETCS Uepe3 PEeIeHus 3314
“MeHbITero pazmepa’ ;

3. penraeM 3aJav9u IIOCJ/IeJ0BATC/IBHO B IIPABUJIBHOM ITIOPAIKE.

l—MepHaH JANHaMUKa
e MaxkcumaJsibHOE HE3aBUCHMOE MHOXKECTBO B JaepeBe

e Haubosbmiasi Bo3pacTaromas moc/eI0BATeIbHOCTh

Hanee: 2-MepHas TUHAMIKA
e PaccrosiHme peJlak TUPOBAHUST
e 3aJaua O PIOK3aKe
e 3ajaua KOMMUBOSIKEPA, (JIMHAMUKA 110 TIOJMHOKECTBAM )

e 3amoleHue JIOMUHO (JAMHAMUKA [0 IPOGhUIIIO)



BBIPABHUBAHUE (PACCTOSIHUE PEJAKTUPOBAHUS)

(Sequence alignment, minimal edit distance)

dano:
e cioBa X =X1%2... Ty B Y = Y1Y2...Yn
® CTOMMOCTB 3aMEHBI (g ISl KaXK0W 1apbl OyKB a, b

® CTOUMOCTDL BCTaBKH 6yKBI)I a4, CTOUMOCTD yJdaJIeHUuA O



BBIPABHUBAHUE (PACCTOSIHUE PEJAKTUPOBAHUS)

(Sequence alignment, minimal edit distance)

dano:
e cioBa X =X1%2... Ty B Y = Y1Y2...Yn
® CTOMMOCTB 3aMEHBI (g ISl KaXK0W 1apbl OyKB a, b

® CTOUMOCTDL BCTaBKH 6yKBI)I a4, CTOUMOCTD yJdaJIeHUuA O

IIpumep: X = AGGGCT, Y = AGGCAC

AGGGCT-
AGG-CAC

CTOUMOCTb = ('— + QA + a4

TpebyeTcsi: HAWTH PACCTOSIHNE PEIAKTHPOBAHMS — BBHIDABHUBAHIE
ocJIeI0BATEJIbHOCTET MUHIMAJIbHOI CTOMMOCTH.

(paccrosinue JleBenmreiina: a— = a4 = Qgy = 1 npu = # y)



BLIPABHUBAHUE: ITUHAMUKA

X; := mepsble i OykB cjaoBa X
Y; := mepsrre j 6yKB cioBa Y
Ali, j] '= CcTOMMOCTH ONTHMAJIBHOTO BLIpABHUBAHUT X; U Y.

Ali,j] = min(axiyj +Ali—1,5—1), a_ + Ali —1,5], ay + Afi, j — 1])



BLIPABHUBAHUE: [TPUMEP

Ali,j) = min (8, + A= 1,5 1), 1+A[—1,7), 1+A[,j—1))

S I T T I N G

—

Zz (@ |3 |3




BLIPABHUBAHUE: JUHAMUKA

procedure SequenceAlignment( X, Y, a )
A = 2-MepHHiI MaccuB pasMepa)
for i = 0,1,2,...m
A[i,0] = i*a_
for i = 0,1,2,...n
A[0,i] = i*xoy

for i = 1,2,.

for j = 1,2,

Ali,j] = mln( A[1 1,5-11 + aayy;
Afi-1,3] + a—,
Ali,j-11 + ag)

3l

return A[m,n]
end

Cuoxuocrs: O(mn)
Ipw samosmHeEHOM MaccuBe A BOCCTAHABIMBAEM ONTHMAJLHOE
BbIpABHUBAHUE, JIBUTASCH B 0OpaTHOM Hanpasjenuu, 3a O(m + n).



SAIAYA O PIOK3AKE: JTUHAMUKA

e Proksak makcumanbHO BMectumoctr W (o Becy)

® 7 IIpEeaAMETOB, AJId KOTOPBIX 3a/JaH BeC W; U HEHHOCTb U;

Haiitu maGop mpeameros S C {1,2,...n} Takoii, uro
Zwi <W mn Zvi — max
icS icS

Hycmo W u sce w; — ueavie wucaa.



SAIAYA O PIOK3AKE: JTUHAMUKA

e Proksax makcumasibuoil BMectumoctu W (1o Becy)

® 7 IIpEeaAMETOB, AJId KOTOPBIX 3a/JaH BeC W; U HEHHOCTb U;

Haiitu maGop mpeameros S C {1,2,...n} Takoii, uro
Zwi <W mn Zvi — max
icS icS

Hycmo W u sce w; — ueavie wucaa.

Iloazamaun 11t AMHAMUKIA:

Sc{1,2,..k} m Y wi<zx
i€S
[Tycrs Alk, x] — onTuMasbHOE perieHue Jjisi TAKOW 3a1a4u.

Torua,
Alk,x] = max(A[k —1,z], Ak — 1,2 — wi] + vk)



SAIAYA O PIOK3AKE: JTUHAMUKA

procedure KnapsackDynamic( v, w )

A = 2-MepHHI MaccusB
for x = 0,1,2,...W
Al0,x] =0

for i = 1,2,...n:
for x = 0,1,2,...W:
Ali,x] = max( A[i-1,x], Ali-1,x-w[il] + v[il )

return Aln,W]
end

Canoxuocts: O(nW)



SAIAYA KOMMUBOSAYKEPA

KoMmMuBoszKED HaxXoaUTCS B OJHOM M3 1 TOPOJIOB, XOUET UX BCE
00bexaThb KpaTJalllliiuM Iy TeM.

JlaHo: moJIHBII HEOPHUEHTUPOBAHHBIN T'pad C HEOTPUIATETHHBIMUI
JITHHAME pebep d;.

Tpebyetcs: HaliTn 06xX0/1 BCeX BepIIMH 10 1 pa3y (raMuIbTOHOB
I[[MKJI) MUHUMAJLHON JJINHBI.

Tomnneiit nepeGop: (n — 1)!



BA,HALIA KOMMUBOSYKEPA: JANHAMUKA
Topoma: {1,2,...n}
Tonzamaun: jys kaxgoro S C {1,2,...n} uje S

A[S, j] = xparuaitmmit nyTs u3 1 B j,
IPOXOJIAIINi Yepe3 Bce ropojia B S poBHO 1o 1 pasy

AlS.J) = min (AIS\ (7} 1)+dy)



3AJIAYA KOMMUBOSI?KEPA: TMHAMUKA

procedure TSP( p )
Af{1}, 11 =0
for s =2 .. n:
for SC{1,2,...n}, 1€85, |S|=s:
A[S, 1] = ©
for j €S, j#1:
ALS, j1 = min (ALS\ {5}, 41 + dli,jD)
(cpezm Bcex i € S, 1 # j)
return min (A[{1,2,...n}, j1 + d[j,1]
end




3AJIAYA KOMMUBOSI?KEPA: TMHAMUKA

procedure TSP( p )
Af{1}, 11 =0
for s =2 .. n:
for SC{1,2,...n}, 1€85, |S|=s:
A[S, 1] = ©
for j €S, j#1:
ALS, j1 = min (ALS\ {5}, 41 + dli,jD)
(cpezm Bcex i € S, 1 # j)
return min (A[{1,2,...n}, j1 + d[j,1]
end

Cnoxnocts: O(n?2")

n?2n (n—1)!
) 800 24
10 102400 362880
15 7372800 87178291200
20 | 419430400 121645100408832000
25 | 20971520000 | 620448401733239439360000




[IPOM3BEJIEHUE MATPUI]

YMHuOXKEHIE MaTpuObl 1M X 1 HA MATPUAILY T X P BBIIOJJIHACTCA 3a ...



[IPOM3BEJIEHUE MATPUI]

VMHOXKEHrE MATPUIIBI 171 X 1L HA MaTPUILY 7 X P BBITIOJHSIETCS 34 ...
O(mnp). Ipennonokum, 4To “cTOMMOCT” YMHOXKEHUSI PABHA MNP.

JaHbl MATpUIBL Mg X My, M1 X M3, ... Mp_1 X My, KAKAM CIIOCOOOM
X HAJI0 MEPEMHOXKATDH, ITOOBI C/Ie/IaTh 3TO “memteByie”’ 7

A=(50x20) B=(20x1) C=(1x10) D= (10 x 100)

AXx ((BxC)xD)
(Ax (Bx(C))xD
(Ax B) x (C x D)



[IPOM3BEJIEHUE MATPUI]




[IPOM3BEJIEHUE MATPUI]

Cli, j] = MEHEMAaJIBHACTH CTOMMOCTB BBIYUCITCHHA A; X ... X A;

Cli. ] = amin (Cli ]+ Ol + 1. 5]+ miy -y - m)



ONTUMAJIbHBIE BUHAPHBIE JEPEBbS ITOMCKA

CoaylancupoBaHHbIe OMHAPHBIE JIEPEBbsl MUHUMUA3UPYIOT BpEMsi
IIOMCKa CIIyYailHOTO 3JIeMeHTa B JiepeBe, eCJIi BCe JIEMEHTHI B JlepeBe
WIIYyTCS PaBHOBEPOATHO. Bpems momncka = riryOnHa 3jIeMeHTa B
Jepese.

HaHo: Beca (BeposiTHOCTH) P, @ = 1,2... 0.
Tpebyetcsi: mocTpoutsh OuHApHOE JepeBo moucka 1,
MUHAMU3UPYIOIIEE BEJTUIUHY
c(T) = E p; * [rryOuna 3mementa ¢ B 1.
i

TToxoxke Ha xox Xaddmana. OHAKO eCTh CYNIECTBEHHBIE OTJINYUSL:

e xou Xaddmana prefix-free, T.e. CHUMBOJIBI HAXOIATCS TOJBKO B

JINCTBSIX JIEpeBa

e B kojqe Xaddmana He TpedyeTcs, 9T00bI JePEBO OBLIO IEPEBOM
nouncka (YIopsi0ueHHOCTD )



ONTUMAJIbHBIE BUHAPHBIE JEPEBbS ITOMCKA

[Iycts
T — onTuUMAaJIbHOE JIEPEBO TOUCKA, B BEPIIUHE KOTOPOI'O HAXOIUTCH 4,
T, — neBoe nojiepeBo, To — MpaBoe MoJIEPEBO.

Torua
T, — ontumanbHOe nepeBo mis 1,2, ... (1 — 1),
T5 - onrruMasbHOe jiepeBo st (14 1) ... n.

ITycte C;; — BEC ONTHUMAJILHOTO J€peBa JJIsI {i,i+1,...7}. Torna

Cij = mln (Zpk—i—CZ (r—1) +Cr+1)g)

(camraem Cyy = 0, ecomm © > ).



ONTUMAJIbHBIE BUHAPHBIE JEPEBbS ITOMCKA

procedure OptimalBST( p )
A = 2-MepHHII MacCHB n*n
for s =0 .. n-1:
for i =1 .. n-s:
Ali, i+s] = min ( 7;vj:‘i.pkJrA['L',rf1]+A[r+l,i+s])
(cpemu Bcex r: i <= r <= i+s)
end

Cnoxnoctn: O(n?)



JIMHAMUKA IO TPO®UJIIO: JOMUHO

Hana mocka m X n. HaliTn KOM4IecTBO Pa3ndHBIX ee 3aMOIIeHu
IIPU TTIOMOIIX JIOMUHO 1 X 2.

Alk,p] = KoIM4ecTBO 3aMOIIEHNI TAKAX, ITO TOJHOCTHIO 3AI0JIHEHBI
k cTosibrios, B k + 1 MOKPBITH KJIETKH, COOTBETCTBYIOIIME TTPOMUIIIO P,
HO He JIEXKUT HUA OJHON JOMUHOIIKHU IETUKOM.



JIMHAMMKA T10 ITPO®UJIIO: KOPOJIU

Hana mocka m X n. HailTu KOJIM4ecTBO Pa3IndIHbIX CIIOCOOOB
paccTaBUTh KOPOJIel Tak, YTOOBI OHU He OWJIM JIpYT Apyra.




JANHAMUKA T10 TTPOOUJIIO: “EI'D”

Hana Tabsmma m X n. Kaxyo KjaeTky MOXKHO Ju00 OCTaBUTH
IIyCTOi, TUOO 3a9epKHYTH 10 auaronajm. Hesb3st, 4T0ObI 1B
JIMATOHAJIN BBIXOINUIN U3 OIHON BepImnHBL. T pebyeTcs HaitTh
MaKCUMaJIbHO BO3MOYKHOE KOJIMYECTBO 3a4ePKHYTHIX BEPIIIUH.




JIVHAMUKA 10 U3JIOMAHHOMY ITPO®UJIIO

_
[l




